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#md 1.1 (Cauchy Formula for Repeated Integration)

f( ) —/ / / f(sn)dsn - - dsndst

- / (t— 5" f(s) ds )

E#& 1.2 (Fractional Integral)

IO = g [T @ ce@n @)

Quiz 1.1
Eq. (1) D n OKODIZ ae R ZAND L Eq. (2) LRD e zHEREL
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Quiz 1.2
Eq. (1) ZHENIRWETTE.

i 1.3

aJtantB = aJtﬂaJta = a,JtaJrB
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E# 1.4 (The Riemann-Liouville Fractional Derivative)
FOBE mHIAH-o>Tm—-—1<a<mrd3.

1 dam

DO = iy [ =

E#& 1.5 (The Caputo-Djrbashian Fractional Derivative)

! )/(t—f)(m—“*lf(m)(ﬂdf

'm—-a) /,

oDIf(t) =

&% 1.6
° IBBEBRDOERALBEOMODIERZEOELLDTHS.
* BOHA>TWVWB LT, BAEEEAOMEZRRLTWVS.

(4)
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E2 1.7 (LW Forward and Backward Fractional Derivatives)

a _ 1 am ‘ (m—a)—1
—ecDYf(t) = mdt_m/,oo(t—ﬂ f(r)dr

1D f(t) = T(m—a) dom

/ (t )™ f(r) dr
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el 1.8

The symbols of operator _.o D and D%, are

(i€)*  and(—i£)* (5)

Proof.
FloD® = F [D™ o™ f] (€)
= (i6)" g FUNO) = GO FIAI(E)
F D% f](€) = F [(=1)" D" JZ™" f] (€)

" 1
= (=1)"(i€) Wﬂﬂ(f) O
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E&E 19
Let 0 < a < 1.
R _ 1
0 f(@ \x—y|1 o W a_QF(a)COS%
e 1.10
« 1 « «
Rof(@) = 5oz (—od (@) + 2o f(2))
2

E&E 111

D§ (2) = s (oD f(x) + « D% ()

T
2 cos 5

(6)



JEEEFAETH Y o Riesz Potential & Riesz-Feller BYIEEERERBEH S |

foed 1.12

The symbol of the Riesz-Feller derivative is

ovg (6) = —I¢]° (9)

)
i
—
—
w

F D5 f](€) = —|€]*f(€) (10)
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i 2.1
1 BRI MO AR
dx
i z(0) = xo
z(t) = "o
BN AR
% = Az, x(0) =z

z(t) = "o

PDE, Operator Method (A N¥EOEMERARDEZR)

du(t,z) _
g = Au(tx), u(0,2) = ()
u(t, z) = e p(x)

(11)
(12)

(13)

(14)

(15)

(16)
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WMo tERER

P(D):= Y a.D" (17)

ERZEDRSR (symbol) “
PE) =) aag (18)

a=(ai,...,aq4) is a multi-index and )
v () () 2

= (—101)"" -+ - (—10q) ¢ (20)
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We define Fourier Transform as

FUAE) = f(&) = / @ g (21)

EZ 2.2 (Pseudo-Differential Operator)

Pla, Dyula) = s / e PG, ale) de (22)

ZCT @& u ® Fourier 22, P(x,€) 1& P(x, D) DERK (symbol) . BHDE
&R, FBEHMS THARLX.

fBE 2.3
A =3 P(x, DY) 215, € DERRE 0,4 LLT

etAu(m) = @)1 /Rd oetaP(x,§)u(€) d§ (23)
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ou(t, x)
ot

u(0,z) = f(z) (25)

= kAu(t,z), t>0,z R, (24)

where A = — (D% 4+ 4 Di), D; = —id/dx;. By the operator method

1
(2m)d

ult,7) = & f(z) = / I fle)em " g, 10
]Rd'

2 A
The solution is inverse Fourier transform of e **I” f(£). From the table of

Fourier transform, we have

1 _lz—y|?
u(t,z) = W /Rd e " f(y) dy. (26)
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ROBEMHIABEXNEERD.
dX; = a(X,)dt + b(X:) dB,, Xo = . (27)
CCT B 3TV VEBED . ROFEMPFEZERS.
u(t, z) = B [f(Xy)] = E[f(X¢)| Xo = 2] (28)

SCT f(y) y € R I3 2 BEEMARETAN LN FEERTHB LTS
pt,y;x) &, Xo =7 DERHBTICEITZ X, OFEEH EMTy) LT3
ult,x) = / FW)p(t,y:2) dy
R

MUTF, BEMOIHER Eq. (27) ICHIBT B p(t,y; ) OWMIHERZEHT 3.
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HEXMNHEN Eq. (27) OFEDH ERROHHER, MORBBEIROBEE
RS

t t
Xt = Xo +/ a(s)ds +/ b(s) dBs
0 0
chic, RO ZERAL T



TS VEB Y Focker-Plank AT o HEXRMHOHERXHS FPE ZEH 1

Xo =2 B37OLRIINT S f(X:) OHIFEZFE
ult, ) /f plt,y:z) = E[f(X0)| Xo = a]
2
= f(z )—HE[/ {af(xs)a(xsw;g;:(Xs)bQ(Xs)}ds]

/ /{ (y)gg(y)}p(&y;x) dyds

EXEZH L ICOVWTHPL, f BRIV NI R THZZ L EFBL THRLED
Z1TV, B, OHFFEN 0 THZ e zHWB L

/f( 8pty7

/f [ g p(t,yx)) + 883/2(62(y)p(t,y;x))] dy
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flE ZEUNIEETH B EHhSRNERXS (Focker-Plank Equation) .

Ip(t,y; )

o A*p(t, y; ) (29)
p(0,y;2) = d.(y), yeR? (30)
aol) =2 yas (Pe) G
o) = -7, (a(y)e(y)) + 357 (@)
ER z ICOVWTEBMD T 53AERDBEHTET
op(t,y;z) .
o Ap(t7y7 33) (32)
p(0,y; ) = dy(x) (33)

Ad(z) = a(z) a(g(;) + %bQ (z) 8;;(;:) (34)
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COEEED
dXt = a(Xt)dt —+ b(Xt)dBt, X() = X0

ou(t,z) o 1, 0%
Eran {a(x)ax + 51) (x)w} u(t, x)

CHEEDIFSNT.
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Ordinary Diffusion Equation

2
3u(att, 1»’) _ K%u(t, x)’ p(O,ZE) = (i)(x)

Fractional (w.r.t. = Diffustion Equation

Ou(t, )
ot

= —kDyu(t,z), p(0,z) = ¢(x)

* RILDOWAERZDORRIZ ¢
° L

— i —k|€|t —ifx ]
u(t,z) = 5 /R e e "t P(x) dE
o U, a-XIFR Lévy BFETH D, jump process TH 3.

e fi2|% Continuous time random walk TELITE 3.

(35)
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Fractional (w.r.t. t) Diffusion Equation

nytu(t7 z) = n%u(t,x), p(0,2) = ¢(x) (36)

o fiZ|%
a(t, &) = (&) B (—rgt”) 37)
u(t, z) = % / Eg (—r€t”) e 77 (¢) d¢ (38)

Z T Es I Mittag-Leffler B3 TdH 3 (Copilot IZfEDE 7=, BA&EE)
o fRISFEFRIBIED time change (BFREIZE#:) TRIATET 3.
e f#Z|3 continuous time random walk TEBITE 3.
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E2 5.1 (Mittag-Leffler Function)

fis% 5.2

AtY )\2t2a

Ba(=X¢%) =1~ Tatl) Ta+D)

Laplace Transform

L[Ea(=At")] (s) =

(39)

(40)

(41)

(42)
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Umarov (2015) p.138 Consider the following problem

Diu(t) + du(t) =0, >0,
W (0)=ar, k=0,...,m—1.

Hence

m—1 1 m—1
k «
ar L’“ = +A} > ar " Ba(—2t%)

k=0 k=0

When ap =1anda, =0, k=1,...,m—1.

u(t) = Ea(—M%) (43)
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